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R. Shafeyev

The paper considers a method of determining a solution to the Vehicle Routing
Problem with Hard Time Windows which can be used in the Probabilistic Tabu Search
Algorithm as the lower bound for the formation of the neighborhood of the potential
solutions. If the objective function is independent of the vehicle idle before entering
the next destination, the solution is an optimum of the original problem.

Introduction

The Vehicle Routing Problem with Hard Time Windows belongs to the class of
NP-complete [1] for which used metaheuristic algorithms, in particular the various
modifications of the Probabilistic Tabu Search algorithm[2]. These algorithms allow
to find high-quality solutions, but they are not very useful in solving the Dynamic
Routing Problems for which time of the search for the optimum is critical. If we
analyze the oriented graph of the routing problem, in some cases, its structure is
static and does not depend on time constraints, so the problem can be solved in
polynomial time [3]. This solution can be used as the lower bound in the search
of the optimum of the original problem. In the case when downtime of the vehicle
before visiting the next customer does not affect the objective function, the solution
is the optimum.

Problem statement

Let C,dim(C) = n is a set of points corresponding to the current location of
vehicles, @, dim(Q) = m is a set of destinations. Arrival at the destination should
be done in the time window [¢;,t; + At;]. Time costs that may be associated with
the unloading of goods equal to w;,Vj € Q. €; ; are the weight coeflicients which
determine the cost of moving from node i to node j.

We need to find the best routes of movement of vehicles to visit all the cus-
tomers.

We take a sequence of matrices {X k}zzl, whose elements have the following
values:

(1)

(k) {1, the k-vehicle is moving from i to j, i e QU {k},j € Q
xTr. . =
i,j

0, otherwise.

Let the waiting time of vehicle to the lower bound of the time window of the next
destination will be determined by penalty function ¢(t). Then the objective func-
tion:
FX)=2[ > Qg+t _ti_wi_ti,j)’zz('fcj))] - min (2)
keC ieQuik},jeQ



With constraints:

S Y =1 viecuQ,vkeC (3)
keC jeQ
S -2y 20,vieQ,vheC (4)
jeQ

> ool - Z e =0, YweQ,vkeC (5)
1€Qu{k}
ZZx(k)>O,S:{seQ: > 2 so0)vkeC (6)
€S j¢S JjeQuC
t; <tj <t;+At;,VjeQ,t;- arrival time to the j-th destination (7)

Analysis of the graph structure

If the downtime of the vehicle before visiting the next customer does not af-
fect the objective function (¢ = const = 0), then time windows may not affect the
structure of the graph and the problem reduces to the Assignment Problem in some
cases.

Due to the fact that NP # P, single valued transition is impossible, but due to
the time constraints graph can be acyclic and restrictions (6) and (7) can be dropped
out after the removal of the arcs (i,7) for which is impossible to get to the node j
regardless of the time of arrival to the i-th node.

In order to test the possibility of such transition, we introduce additional vari-
ables.

1. Considering restrictions on the objective function, the time of arrival to the

i-th destination is equal:

Hhi € [0, 1] : t; =t; + ]’Ll . Ati (8)

2. Introduce the matrix U, the elements of which are shown in the form of the
quantitative violation time window:

0,7 =7,
ti+hi'Ati+wi+ti,j—tj—Atj,Z'ij

U(?L) ‘UGG = { (9)

We can say that if the element of U(iL = 1) is negative, the movement between
points is possible to perform not depending on time constraints. Therefore, we
construct a graph G for the routing problem, which will already be taken into account
constraints (6) and (7), and we can set the following incidence matrix:

0, Ui 5 2 0

"ieCuQ,je 10
L owg<0 Q,j€Q (10)

I(h): I = {



Defenition 1 If:

1. p=const =0;

2. the matriz 1(0) is equal to the matriz I(1);

3. the graph G, built on the the incidence matriz of I(0) is not a multigraph,
then the Vehicle Routing Problem with Hard Time Windows is reduced to the As-
signment Problem.

This is implied from the following lemmas.
Lemma 1 If matriz 1(0) = I(1), then I(0) = I(h),Vh: h; € [0,1]

Proof. Elements of matrix I; ; do not depend on the vector h when i € C,je@,
because the elements from the set C' correspond to the location of cars at the initial
time and they do not have time windows (At; = 0, Vi € C'). The remaining elements
of the matrix can be represented as follows:

- sign(u;,; (hi))
2

I (hi) = - (11)

On the condition of the problem there is I(0) = I(1), therefore:

Lostgn(a @) 10t ) o, 0)) = sign(us(1)

Or:

ui7j(0) >0
ui,j(l) >0
ui,j(O) <0
ui,j(l) <0

The function u, ;(h;) on the interval h; € [0,1] is monotonically increasing,

because the derivative %}fh) = At; > 0 is positive on the whole interval. Therefore:

Ui’j(0)>0 =>U7J(hl) >0
um(l) >0 ’

wig(0) <0 () <0
ui,j(1)<0 BN

= sign(u;,;(0)) = sign(u; ;(hi)), Vh; € [0,1]

Then sign(u; ;(0)) = sign(us ; (hi)) = I(h) = 1(0) m

Lemma 2 If the graph G, built on the incidence matrixz I(h = const) is not a multi-
graph then this graph has no cycles.



Proof by contradiction. Let there be given graph G(V = Cu @, E), built on the

incidence matrix I(h = const) and it has cycle:

ECyCle = {(US1’U82)7 (U827U83)7 ey (Usk—l’vsk)7 (Uskvvﬁ )}

Let us assume that if the graph G is not multi-graph and it has not have arc (vs,,vs, ),
i.e. vehicle does not have time to get to vertex v, from vertex vy, without violating
the time window. Therefore:

te, + Atg, <t +ws, +ts, s, (12)

By the assumption of the existence of the cycle E.y.. we have the following inequal-
itY( Eroute = Ecycle/{(vskavsl)})5

o + Abg, >to  vws,  +lg 1o =tsy+ Y, (Lij+ws)=A (13)

Sk-1
(iaj)EE7‘oute
Let the movement from the vertex vs, to the vertex v;, will be implemented through
the arcs E,oyute. Then:

t~81 + Wsy +t51;3k < ESI +Ws, Z tl}j <A (14)
(4,5)€Eroute
Let us substitute (14) to (13):
(15)

ts, + Atg, >tg, +ws, +1s, .5,

A contradiction, consequently, the inequality (12) is incorrectly m

The reduction to the assignment problem

If the rules from the definition 1 are satisfied, then it is possible reduce the
initial problem to the assignment problem.
We introduce the change of variable X:
VkeC: YR ={1;;(0) 2 ieQuik},jeQ} (16)
Now the problem can be formulated in such way that it can be solved in poly-
nomial time:

FY)=Y Y Qyy)>min (17)
keC ieQu{k},jeQ

S Sy =1,vieCuQ,VkeC (18)
keC je@Q
S -y 20,vieQ vheC (19)
jeQ

Y B yM o vweQ kel (20)
jeQu{k} 1€Q

The Assignment Problem in its classical form can be obtained by transforming the
graph G at the bipartite graph Gy(Viegin, Vend, Ep) on the following principle:



1. Viegin={veCuQ :3(v,w) e E,we@Q}. It consists of a set of vertices such
that there is at least one exiting arc from the set E;

2. Vena={veQ :3I(w,v) e E,we Cu}. Tt consists of a set of vertices such
that there is at least one incoming arc of the set E;

3. By ={(v,w) € E:v € Vhegin,w € Vend}.
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Figure 1. Example of converting the graph G into the bipartite graph Gy.

Results

The transformed problem (picture 1) recommended to be solved using the
method of Goldberg and Kennedy, which based on the technique of scaling in re-
ducing to the minimum-cost flow problem [4]. The complexity of the algorithm is
O(v/nmlog(nC)).

If the function ¢(t) there is in the objective function, the solution of the trans-
formed problem can be used how lower bound in a probabilistic tabu search algorithm
in the formation of a neighborhood around the current solution.

Verification of the method was carried out on test problems Christofides, Gold-
berg and Teylarda [5, 6, 7] with time windows, satisfying the conditions that set out
in the definition 1.

Conclusion

The paper proposed rules for converting the Vehicle Routing Problem with
Hard Time Windows into the Assignment Problem. This approach should be used
for the routing problems in which do not take into account the downtime of vehicles.
Also the method can be used to initialize the metaheuristic algorithm, or as a lower
bound for the determination of the optimum.
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